The critical rheology of sheared frictional granular materials near jamming transition is numerically investigated. It is confirmed that there exist a true critical density which characterizes the onset of the yield stress, and two fictitious critical densities which characterize the scaling laws of rheological properties. We find the existence of a hysteresis loop between two of the critical densities for each friction coefficient. It is noteworthy that the critical scaling law for frictionless jamming transition seems to be still valid even for frictional jamming despite using fictitious critical density values.
The critical rheology of sheared frictional granular materials near jamming transition is numerically investigated. It is confirmed that there exist a true critical density which characterizes the onset of the yield stress, and two fictitious critical densities which characterize the scaling laws of rheological properties. We find the existence of a hysteresis loop between two of the critical densities for each friction coefficient. It is noteworthy that the critical scaling law for frictionless jamming transition seems to be still valid even for frictional jamming despite using fictitious critical density values. 
I. INTRODUCTION
Disordered materials such as granular materials [1] , colloidal suspensions [2] , emulsions, and foams [3] have rigidity above a critical value of density and do not have any rigidity below that value. This sudden change in rigidity is known as a jamming transition, which could be a key concept for explaining the behavior exhibited by disordered materials at zero temperature [4] . The coordination number changes discontinuously at the jamming transition point (point J) for static frictionless spheres [5, 6] . Critical scaling laws, similar to those in the continuous phase transition, can be used to determine rheological properties of granular particles [7] [8] [9] [10] [11] [12] [13] [14] . The critical exponents of these scaling laws remain a topic of current investigations [7] [8] [9] [10] [11] . For frictionless grains, where inertial effects in the equations of motion are included, the present authors [12] [13] [14] used a mean-field theory to derive a viscosity η below point J that satisfies the expression (φ J −φ) −4 , as the packing fraction φ approaches the critical jamming fraction φ J from below. We believe this result to be asymptotically valid in the hard core and elastic limits [14] .
On the other hand, recent studies on the jamming transition of frictional grains revealed that elastic moduli, coordination number, and density of state are strongly affected by the introduction of friction [15] [16] [17] [18] [19] [20] [21] . However, we still do not know the details of the quantitative change induced in the rheological properties of the jamming transition by the introduction of friction between grains. Moreover, in spite of many studies on the scaling law of the jamming transition for sheared frictionless particles, there are few such studies on the jamming transition of frictional particles. Thus, we need to clarify whether scaling laws in the vicinity of the jamming transition of frictional grains can be used.
In this paper, we have numerically investigated the properties of sheared frictional granular particles in the vicinity of the jamming transition. In the next section, the details of our numerical results will be presented. In Sec. II A, we will explain our setup and models. We will demonstrate the existence of hysteresis loops for pressure and shear stress in Sec. II B. The three critical area fractions for sheared granular materials will be estimated in Sec. II C, where one of them is the true critical fraction for the jamming transition and the others are fictitious critical fractions. In Sec. II D, we will demonstrate that the scaling relations for frictionless particles [12, 13] can be used even for frictional systems by using the fictitious critical fractions. Finally, we will discuss and conclude our results in Sec. III.
II. NUMERICAL RESULT

A. Setup of our simulation
Let us consider a two-dimensional frictional granular assembly. The system includes N grains, each having an identical mass m. The position, velocity, and angular velocity of a grain i are respectively denoted by r i , v i , and ω i . Our system consists of grains having the diameters 0.7σ 0 , 0.8σ 0 , 0.9σ 0 , and σ 0 , where there are N/4 for each species of grains.
The contact force f ij consists of the normal part f (n) ij and the tangential part f
ij . The normal contact force f (n) ij between the grain i and the grain j is given by f
and n ij are respectively given by h
and n ij = r ij /|r ij | for the normal elastic constant k (n) , the normal viscous constant η (n) , the diameter σ i of grain i, r ij ≡ r i − r j , [23] . Here, Θ(x) is the Heaviside step function defined by Θ(x) = 1 for x ≥ 0 and Θ(x) = 0 otherwise. Similarly, the tangential contact force f (t) ij between grain i and grain j is given by the equation f
where min(a, b) selects the smaller one between a and b, and h (t) ij is given by h
ij with the tangential unit vector t ij = (−y ij /|r ij |, x ij /|r ij |). Here, k (t) and η (t) are the elastic and viscous constants along the tangential direction. The tangential velocity v (t) ij and the tangential displacement u (t) ij are respectively given by v
ij , where "stick" on the integral indicates that the integral is performed when the condition |h
ij < 0 is satisfied [24, 25] .
We study the shear stress S and the pressure P , which are respectively given by
where V is the volume of the system, and · represents the ensemble average. Here, we ignore the kinetic parts of S and P , which are respectively given by
, because they are significantly smaller than the potential parts in Eqs. (1) and (2) near the jamming transition point.
In this paper, the shear is imposed along the y direction and macroscopic displacement only along the x direction by the following three methods. The first method is the SLLOD algorithm under the Lees-Edwards boundary condition [22] which we call "SL" for later discussion, where the time evolution is given by
with the peculiar momentum p i = m(v i −γye x ) and the unit vector parallel to the x-direction e x . In this method, the shear rateγ is a control parameter. The second method is quasi-static shearing method, which we call "QS" [26, 27] . In this method, the shear strain ∆γ is applied by an affine transformation of the position of the particles. Then, the particles are relaxed under the time evolution equations
until the kinetic energy per particles becomes lower than a threshold value E th . Then, we repeat applying the shear and the relaxation process. Here, we chose ∆γ = 10 −6 and E th = 10
, which are small enough not to influence our results. This method is expected to correspond to the low shear limit of the SL method.
The third method is stress control method, which we call "SC". Here, the time evolution equations are given by Eqs. (3) and (4), under the time evolution of the shear rateγ
with the relaxation constant Q = 10 4 k (n) /σ 0 [22] . Here, we choose S 0 = 10 −7 , which is small enough that the results do not depend on the value of S 0 .
In this paper, we mainly use the SL method for the analysis. We also examine the QS and SC methods in Figs. 6, 7, and 10 in Sec. II. C to determine the true jamming density.
B. Hysteresis in rheological properties
First, let us consider rheological properties of sheared granular particles. Here, we study the shear stress S and the pressure P by using the SL method. We find that the shear stress S or the pressure P suddenly changes for a finite friction constant µ at a critical value oḟ γ near the jamming point. This might be related to the existence of a hysteresis loop for frictional granular materials [16, 28] . To verify the existence of the hysteresis loop, we first vary the shear rateγ fromγ 0 = 5.0 × 10 −4 k (n) /m to sequentially decreasing values aṡ γ =γ 0 , a 0 ,γ 0 . We call this process the increasing process. Here, we vary the shear rate so the data as to be apart in the logarithmic plot. For each value of shear rateγ, the system attains a quasi-steady state after the waiting time is larger than τ w = 0.4γ −1 , and we have measured the shear stress S and the pressure P during the time τγ = 2.0γ
after the waiting time is equal to τ w .
As expected, there exists a hysteresis loop in frictional jammed systems under this setup. Figure 1 shows the scaled peculiar momentum p i / √ mT with granular temperature T = i |p i | 2 /(2mN ) in both the decreasing process ( Fig.1 (a) ) and the increasing process ( Fig.1 (b) ) for µ = 2.0, φ = 0.795, N = 8000, a = 10 −0.05 anḋ γ = 7.9 × 10 −6 k (n) /m. In the decreasing process ( Fig.  1(a) ), the motion of grains is localized and the characteristic length scale is significantly larger than the grain size. In the increasing process, as shown in Fig. 1(b) , the heterogeneity of grain motion is rather suppressed. It should be noted that the coordination number Z in Fig.  1 (a) is larger than 3, whereas Z in Fig. 1(b) is less than 2. This difference in the coordination numbers might be related to the hysteretic behavior of frictional granular particles.
The shear stress S and the pressure P exhibit clear hysteresis loops, as shown in Fig. 2 . In Fig.2(a) , we plot the shear stress S in a quasi-steady state of each shear rateγ with µ = 2.0, N = 8000, and a = 10 0.1 for packing fraction values of φ = 0.870, 0.810, 0.795, 0.790, and 0.780. For highly packed systems such as φ = 0.870 or 0.810, S or P becomes a constant in a weak shear limit (γ → 0), which implies the existence of the yield stress. In contrast, S and P are proportional toγ 2 for a relatively low packed system at φ = 0.780. It should be noted that S and P are independent of the process for both limits, as in the case of frictionless particles [8, 9, 12, 13] . However, S and P depend on the process for intermediate packed systems at φ = 0.795 and 0.790, and thus, hysteresis loops appear in this region. For φ = 0.795, S and P suddenly decrease at arounḋ γ = 5.0 × 10 −6 k (n) /m in the decreasing process, but increases around atγ = 5.0 × 10 −5 k (n) /m in the increasing process as shown in Fig. 2 (a). The upper branch in the decreasing process is called the solid branch and the lower branch in the increasing process, the liquid branch.
Let us check how the hysteresis loop, as shown in Fig.  2 , depends on the system size. In Fig. 3 , we examine the scaled shear rateγ
0 ) for φ = 0.795, µ = 1.8, and a = 10 0.1 with N = 8000 and 16000. Although the criticalγ * where the two branches appears slightly differ between N = 8000 and 16000, the shape of the hysteresis loop is almost unchanged. Hence, we conclude that the hysteresis loop still survives even in the thermodynamic limit (N → ∞).
In Fig. 4 , we compare the hysteresis loop of S for a = 10 0.1 with that for a = 10 0.05 . Owing to the slow change of the shear rate, the transition from the solid branch to the liquid branch for a = 10 0.05 takes place at a larger shear rate than that for a = 10 0.1 . However, the existence of the hysteresis loop and the values of S in the solid and liquid branches are unchanged even when we use a smaller a. Thus, qualitative behavior of the hysteresis loop is insensitive to the choice of the change rate ofγ * . Finally, we check the dependence of the hysteresis loops on the waiting time τ w for each shear rate. In Fig. 4 , we compare the hysteresis loop for τ w = 0.4γ
with that for τ w = 4.0γ −1 and τ w = 8.0γ −1 . Although the area of the hysteresis loop for large waiting times is smaller than that of short waiting time, the area is converged for τ w is larger than 4.0γ −1 . Thus, the hysteresis loop survives even when we slowly change the shear rate.
C. Critical densities and phase diagram
In this subsection, we demonstrate the existence of two critical densities. First one is the transition density φ C (µ) at which the shear stress S in the low shear limitγ → 0 has a finite value. In order to determine φ C (µ), we introduce the jammed fraction f obtained from the simulation using the QS method, where we introduce f as a fraction of samples where S is larger than a threshold value S th = 10 −7 k (n) /σ 0 . In Fig. 6 , we plot the jammed fraction as a function of the area fraction φ for µ = 0.0, 0.2 and 2.0. The jammed fraction suddenly changes around φ = 0.843, 0.825 and 0.795 for µ = 0.0, 0.2 and 2.0, respectively. Then, we can determine φ C (µ) as the area fraction at f = 0.5.
The second critical density is obtained from the pressure in the low shear limit. In Fig. 7 , we plot the value of the pressure P and the stress S obtained from various methods SL, QS and SC as a function of the area fraction φ for µ = 0.0 and 2.0. As shown in Fig. 7 , P and S converge to the value of the QS method in the low shear limit of the SL method. For the SC method, if we take small enough S 0 , the value of P is almost equal to that of the QS method as shown in Fig. 7 , while S becomes almost zero. Here, we should note that the pressure P and the stress S continuously increase from the transition point φ C (µ) for µ = 0.0, while P and S in the low shear limit discontinuously change at φ C (µ) for µ = 2.0. This discontinuous change should be related to the emergence of a hysteresis loop. Therefore, φ C (µ) can be regarded as a true critical area fraction for the jamming transition.
On the other hand, we find that a critical scaling is satisfied if we introduce another critical point φ S (µ) as
, where the denominator A(µ) in the second equation depends only on µ. Figure 8 clearly verifies the validity of the scaling relation (8) , though the data for φ < φ C (µ) are not involved. Here, we choose φ S (0) = φ C (0) for µ = 0, while we choose φ S (µ from the collapse of the data onto the universal scaling curve for µ > 0 (Fig. 8) . Our result also suggests that Π P (x) and Π S (x) are linear functions of x for x > 0. In the inset of Fig. 8 , we enlarge the region near φ S (µ) − φ = 0, which indicates that P and S discontinuously change for µ ≥ 0.8, while they seems to have continuous changes for µ ≤ 0.4. Here, we should note that φ S (µ) is a fictitious critical fraction, at least for µ ≥ 0.8, but is important in characterizing scaling laws for the rheology of the frictional granular materials in the next subsection.
In Fig. 9 , we show the dependence of the critical fractions φ C (µ) and φ S (µ) on the friction coefficient µ. Both critical fractions decrease as µ increases. This result is similar to the previous ones for three-dimensional frictional spheres [15] [16] [17] [18] [19] [20] [21] . As shown in Fig. 9 , the difference between φ C (µ) and φ S (µ) is not visible for µ < 0.4, but it becomes distinct as φ C (µ) > φ S (µ) for µ > 0.4. This discrepancy between φ C (µ) and φ S (µ) is related with the discontinuous change of P shown in Figs. 7 and 8. 
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where S + (γ) and S − (γ) respectively represent the shear stresses in the decreasing and the increasing process for G ≡ logγ, G 1 = log 10 γ 0 a −Ns , and G 2 = log 10 (γ 0 ). In Fig. 9 , we plot α in the µ-φ plane with a gray scale. The hysteresis only appears in a restricted density region for each values of µ, and the range of the region becomes wider as the friction coefficient µ increases. In Fig. 9 , we also enclose the region of the hysteresis loop by thin solid lines, where α is larger than a threshold value α th = 0.1. The boundary lines are almost identical to φ C (µ) and φ S (µ) and the hysteretic region lies between φ S (µ) and φ C (µ), although a discrepancy from the critical densities exist. We suppose that the boundary lines coincide with φ C (µ) and φ S (µ) if we take a limit α th → 0. However, if we use smaller α th in the present numerical data, we could not draw the clear lines due to sampling error. In this figure, the hysteresis loop is only verified in the region µ > 0.5, though we cannot exclude the possibility of the existence of a small hysteresis loop for smaller µ. We note that Fig. 9 involves the other fictitious critical fraction φ L (µ), which will be introduced in the next subsection.
Let us check the finite size effect of the critical fraction φ C (µ). In Fig. 10 , we examine the jammed fraction f as a function of φ for µ = 2.0 with N = 1000, 2000 and 4000. Fig. 10 indicates the existence of a finite size effect, where φ C (µ) lies between 0.794 and 0.798. However, this finite size effect does not affect the qualitative behavior of the phase diagram in Fig. 9 because the difference between φ = 0.794 and 0.798 is so small that it cannot be distinguished in Fig. 9 .
D. Critical scaling laws
In a frictionless system with the linear spring repulsion, the shear stress S, the pressure P and the coordination number Z for φ > φ J satisfy S ∝ φ − φ J , P ∝ φ − φ J , and Z − Z c ∝ (φ − φ J ) 1/2 , where Z c = 4 is the coordination number for the isostatic state of frictionless particles [12, 13] . Remarkably, these scaling laws are still valid even for frictional systems if we use φ S (µ) defined in Sec. II C as Figure 8 supports the scaling relations (10) for the pressure P and the shear stress S. Here, it should be noted that the scaling relation P ∼ (φ − φ J )
1.08 , which is reported in Ref. [32] , might be better than Eq. (10) for µ = 0.0, but the data for µ > 0 suggests that the linear relationship between P and φ − φ S (µ) might be better than P ∼ (φ − φ C (µ))
1.08 . In Fig. 11 , we plot Z as functions of φ − φ S (µ), which also supports the scaling relation (10) for Z. The inset in Fig. 11 shows the µ-dependence of Z c , which approaches the critical value (Z c = 3) for isostatic frictional grains. This behavior of Z c (µ) is similar to the previous result obtained for the static granular packing problem [15-17, 19, 21] . It should 0 ) as a function of φ for N = 8000 by using the SL method witḣ γ * = 5 × 10 −5 which we call "SL1", the SL method withγ * = 5 × 10 −6 which we call "SL1", the QS, and the SC methods for µ = 0.0. (b):The rescaled pressure P * with P * = P/(k (n) σ −1 0 ) as a function of φ for N = 8000 by using the SL method witḣ γ * = 5 × 10 −5 which we call "SL1", the SL method withγ * = 5 × 10 −6 which we call "SL2", the QS, and the SC methods for µ = 2.0. (c):The rescaled stress S * with S * = S/(k (n) σ −1 0 ) as a function of φ for N = 8000 by using the SL method witḣ γ * = 5 × 10 −5 which we call "SL1", the SL method withγ * = 5 × 10 −6 which we call "SL2", and the SC methods for µ = 0.0. Note that we eliminate the data by SC. (d):The rescaled stress S * with S * = S/(k (n) σ −1 0 ) as a function of φ for N = 8000 by using the SL method withγ * = 5 × 10 −5 which we call "SL1", the SL method withγ * = 5 × 10 −6 which we call "SL2", and the SC methods for µ = 2.0.
be noted that only the data in the solid branch satisfy the scaling relation Eq. (10).
For φ < φ J in a frictionless system it is known that Bagnold's scaling holds, and S and P satisfy S ∝γ 2 (φ J − φ) −4 and P ∝γ 2 (φ J − φ) −4 . Even in the frictional system, S and P satisfies Bagnold's scaling S ∝γ 2 and S ∝γ 2 in the liquid branch as shown in Fig. 2 , but any scaling relation using φ C (µ) and φ S (µ) cannot be applied. However, by introducing another fictitious critical fraction φ L (µ) shown in Fig. 9 , S and P satisfy the scaling relations
and P ∼γ 2 {φ L (µ)−φ} −4 (11) in the liquid branch. In Fig. 12 , we plot S/γ 2 and P/γ 2 in the liquid branch, where Eq. (11) is satisfied. However, φ L (µ) is just a fitting parameter for Eq. (11), and could not be estimated from an independent protocol. In this sense, Eq. (11) might be superficial. We should note that the scalings of Z, P and S in the jammed phase of the static granular packing problem are not affected by the introduction of the friction [18, 19, 21] . Equations (10) and (11) extend the validity of such an idea even for a system in the sheared granular systems.
It should be noted that the range of the excess density for the scaling of the liquid branch in Fig. 12 is at most one decade because the shear rate should be smaller to obtain the liquid branch near the critical point. However, the validity of the scaling in Eq. (11) for the frictionless system in the hard core limit has been already verified in Ref. [14] in details. 
III. DISCUSSION AND CONCLUSION
Let us compare our results with those of the previous studies for the static granular packing problem. In Refs. [15] [16] [17] [18] [19] [20] [21] , the µ-dependence of the scaling laws and the critical point are studied, where the critical fraction decreases as the friction coefficient µ increases. These results are consistent with our results for the solid branch. However, the results corresponding to those for the liquid branch in Figs previous studies. Thus, we stress that the scaling laws with the aid of the µ-dependence of φ L (µ) are our new findings. Moreover, similar phase diagrams to Fig. 9 are proposed in Refs. [19, 31] . However, their results suggest that critical densities continuously exist between two critical values, while our results indicate that the critical densities are at most three. This is the main difference between the phase diagram in Refs. [19, 31] and ours.
In Ref. [30] , it has been already reported that the critical fraction splits for frictional granular particles driven by a constant force from the boundary wall. There are three critical fractions which are denoted by φ J1 , φ J2 and φ J3 . Here, φ J1 is the critical fraction used to characterize the appearance of the jamming transition, φ J2 is that at which the viscosity η diverges, and φ J3 is that from where the pressure increases. Thus, we expect that these critical fractions φ J1 , φ J2 , and φ J3 respectively correspond to φ C (µ), φ L (µ), and φ S (µ) in our system. However, these critical fractions satisfy φ J1 < φ J2 < φ J3 , in contrast to the relation φ S (µ) < φ C (µ) < φ L (µ) We plan to clarify the origin of these differences in the future work.
In Ref. [18] , the scaling relations are plotted as a function of the distance from isostaticity Z − (D + 1) with the dimension D of the system, where D + 1 is the coordination number of the isostatic state. However, we adopt the scaling relation as a function of the distance from the critical density φ − φ S (µ) in Fig. 11 . This is because Z is not a control parameter and the scaling using Z −(D +1) cannot be used for the liquid branch, where Z tends to zero for sufficiently hard grains.
In previous studies for sheared frictionless materials, the different scaling from Eq. (10) are proposed [7, [9] [10] [11] . In particular, S ∼ (φ − φ J ) 3/2 for the jammed granular phase is used in Ref. [10, 11] . It should be noted that the difference between ours and Hatano's [11] exists only in this relationship, but there are several differences between Hatano's [11] and the exponents by Tighe et al. [10] . We also note that there are no similarities between Tighe et al. [10] and Olsson and Title [7] . Fortunately, our scaling relations S ∝ φ − φ S (µ) and P ∝ φ − φ S (µ) in the jammed region is supported by the simulation presented in Figs. 8 and 10 . Moreover, the exponent is close to the exponent 1.08 obtained by Olsson and Title [32] , although they claim that 1.08 is an evidence for non-linear behavior. It should be noted that the scaling relations in Refs. [12] [13] [14] are obtained for granular particles with inertia effect, and the scaling relations are held in hard-core and elastic limit. Therefore, our scaling exponents are not necessary to be identical to those in Ref. [7, 10] for sheared foams without inertia effect. Indeed, the derivation of our exponents is due to the propagation of phonon under the isostatic condition [33] . On the other hand, Hatano [11] indicated the estimation of the critical exponent depends on the choice of the value of the critical density φ J and he suggested P ∝ (φ − φ J ) 1.5 from his simulation. However, as shown in Sec. II D, if we chose the value of φ S (µ) which is estimated from the data under the three different methods, our scaling exponent seems to be better than his [11] . Here, we should note that the crossover from P ∼ (φ − φ J ) to P ∼ (φ − φ J ) 3/2 might be understood from the deviation from the critical point as P ∼ Z(φ)(φ − φ J ) with Z(φ) − Z c ∝ (φ − φ J ) 1/2 . We will have to resolve the contradiction between ours and his in near future. We finally note that the data reported in Ref. [19] also suggests that P ∝ (φ − φ J ) 3/2 , but his data is obtained from the Hertzian contact model, where the exponent 3/2 is equivalent to ours [12, 13] .
Here, we should discuss the macroscopic friction coefficient S/P . In Figs. 13 and 14, we plot S/P as a function of the density φ for both the solid and the liquid branch. S/P is almost independent of φ in the solid branch, while the apparent φ-dependence of S/P in the liquid branch is observed for the off-critical region φ − φ L (µ) > 10 −2 , which might be related to the discrepancy of S and P from the scaling law given by Eq. (11) in Fig. 12 because we assume that S/P is independent of φ when we derive Eq. (11) in Ref. [12] . As shown in Fig. 15 , S/P is almost independent of the friction coefficient µ except near µ = 0. The µ-dependence of S/P will be discussed elsewhere.
The existence of hysteresis is also known for frictionless granular particles under a finite shear stress [34] . However, this hysteresis differs from that of our frictional system shown in Fig. 2 . In Ref. [34] , the stress is a control parameter, and the states withγ = 0 andγ = 0 are coexistent for a given shear stress. On the other hand, the shear rateγ is a control parameter in the SL method used for Fig. 2 , and the two states for a givenγ are those with large and small shear stress.
In conclusion, we numerically investigate the sheared frictional granular particles, and find the existence of the hysteresis loops for different values of the pressure and the shear stress, whose relevancy is numerically verified. It is confirmed that the critical densities which characterize the jamming transition are split into three values, where one of them is the true critical density for the jamming and the others are fictitious critical densities. It is also verified that the scaling relations (10) and (11) for frictionless particles can be used for the frictional systems by using the fictitious critical densities. k (n) /m, and N = 8000.
